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A NONSTANDARD INVARIANT OF COARSE SPACES
TAKUMA IMAMURA
Abstract. In this paper, we construct a coarse homotopy invariant of coarse
spaces by using nonstandard analysis. The coarse homotopy invariance is
established. Miller et al. [10] and subsequent researchers have introduced and
studied a similar invariant of metric spaces in a standard way. The relationship
between these two invariants is discussed.
1. Introduction
Miller et al. [10] introduced a set-valued invariant σ (X) of σ-stable metric
spaces. It is invariant under isomorphisms of coarse spaces. Moreover, Fox et al.
[4] proved that σ (X) is, in fact, a coarse homotopy invariant. DeLyser et al. [3]
extended it to general metric spaces via the direct limit construction. Roughly
speaking, σ (X) counts the ways to tend to infinity within X up to a certain equiv-
alence. Analogically, it is natural to consider the number of the infinite ideal points
of X up to some equivalence.
In this paper, we employ Robinson’s nonstandard analysis to realise the above
idea, and construct a coarse homotopy invariant ι (X) for each coarse space X .
Roughly speaking, ι (X) counts the “connected” components of the infinite points
of X , where the notion of “connectedness” is defined in terms of nonstandard coarse
topology. We also discuss the relationship between σ (X) and ι (X). Finally we pose
some open problems.
2. Preliminaries
We refer to Roe [12] for the basic terminology of coarse topology and to Robin-
son [11] and Davis [1] for nonstandard analysis. In this chapter, we recall basic
definitions and results in nonstandard coarse topology following the author [8].
Let (X, CX) be a coarse space. Consider the nonstandard extension (
∗X, ∗CX).
We say that two points x, y ∈ ∗X are finitely close (and denote by x ∼X y)
if (x, y) ∈ ∗E for some E ∈ CX . In other words, the finite closeness relation
∼X is a binary relation on
∗X defined as the union
⋃
E∈CX
∗E. For ξ ∈ X let
FIN (X, ξ) = { x ∈ ∗X | x ∼X ξ }. For instance, if CX is induced by a pseudometric
dX , then x ∼X y if and only if
∗dX (x, y) is finite (in the sense of nonstandard
analysis).
We then obtain the following nonstandard characterisations.
Proposition 2.1. A binary relation E on a coarse space X is controlled (i.e. ∈ CX)
if and only if ∗E ⊆ ∼X .
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Proof. The “only if” part is trivial. Suppose ∗E ⊆ ∼X . By the saturation principle,
there exists an F ∈ ∗CX such that ∼X ⊆ F (see also [8, Lemma 3.3]), so
∗E ⊆ F .
By the transfer principle, ∗E ∈ ∗CX . Again by transfer, we have E ∈ CX . 
Proposition 2.2. A subset B of a coarse space X is bounded if and only if x ∼X y
for all x, y ∈ ∗B.
Proof. Only if: B is bounded, i.e. B ×B ∈ CX . Then
∗B × ∗B =
∗
(B ×B) ⊆ ∼X ,
where the first equality follows from transfer. Hence x ∼X y holds for all x, y ∈
∗B.
If: x ∼X y holds for all x, y ∈
∗B, i.e. ∗B × ∗B ⊆ ∼X . By Proposition 2.1,
B ×B ∈ CX , i.e. B is bounded. 
Proposition 2.3. A coarse space X is coarsely connected if and only if x ∼X y
for all x, y ∈ X.
Proof. The coarse space X is coarsely connected if and only if { x, y } is bounded
for all x, y ∈ X . Apply Proposition 2.2 to the latter condition. 
Proposition 2.4. A map f : X → Y between coarse spaces is bornologous if and
only if ∗f : ∗X → ∗Y preserves finite closeness, i.e., x ∼X x
′ implies ∗f (x) ∼Y
∗f (x′).
Proof. Only if: let x, x′ ∈ ∗X and suppose x ∼X x
′. Choose an E ∈ CX such that
x ∗E x′. Since f is bornologous, F = (f × f) (E) ∈ CY . By transfer, we have
∗f (x) ∗F ∗f (x′). Hence ∗f (x) ∼Y
∗f (x′).
If: let E ∈ CX . Then
∗
((f × f) (E)) = (∗f × ∗f) (∗E) ⊆ (∗f × ∗f) (∼X) ⊆ ∼Y .
By Proposition 2.1, (f × f) (E) ∈ CY . Hence f is bornologous, because E was
arbitrary. 
Proposition 2.5. A map f : (X, ξ) → (Y, η) between pointed coarse spaces is
proper at the base point (i.e. the inverse image of each bounded set of Y con-
taining η is bounded in X) if and only if ∗f−1 (FIN (Y, η)) ⊆ FIN (X, ξ).
Proof. Only if: ∗f−1 (FIN (Y, η)) =
⋃
η∈B⊆boundedY
∗f−1 (B) ⊆
⋃
ξ∈A⊆boundedX
∗A =
FIN (X, ξ).
If: let B be a bounded set of Y that contains η. Then ∗B ⊆ FIN (X, η) by
Proposition 2.2. By assumption, ∗f−1 (B) ⊆ ∗f−1 (FIN (Y, η)) ⊆ FIN (X, ξ). Hence
f−1 (B) is bounded by Proposition 2.2. 
Proposition 2.6. Two coarse (i.e. bornologous and proper) maps f, g : X → Y
are coarsely homotopic if and only if ∗f (x) ∼Y
∗g (x) for all x ∈ ∗X.
Proof. Recall that f and g are coarsely homotopic if and only if { (f (x) , g (x)) | x ∈ X } ∈
CY . Then apply Proposition 2.1. 
We say that a coarse space X is coarsely Archimedean if X×X =
⋃
n∈NE
n holds
for some E ∈ CX , where E
n refers to the n-fold composition of E. Note that this
notion is the large-scale counterpart of the Archimedean property of uniform spaces
(Hu [6]). A (possibly external) subset B of ∗X is said to be macrochain-connected
if for any x, y ∈ B, there is an internal hyperfinite sequence { si }i≤n in B such that
s0 = x, sn = y and si ∼X si+1 for all i < n. For standard sets, these two notions
are equivalent.
Proposition 2.7. X is coarsely Archimedean if and only if ∗X is macrochain-
connected.
A NONSTANDARD INVARIANT OF COARSE SPACES 3
−∞ +∞
Figure 3.1. The shaded region represents the finite part of the
line. The negative infinities and the positive infinities are separated
from each other by the finite part.
Proof. Only if: choose an E ∈ CX such that X×X =
⋃
n∈NE
n. For any x, y ∈ ∗X ,
by transfer, there exists an n ∈ ∗N such that (x, y) ∈ ∗En ⊆ ∼X
n. Hence ∗X is
macrochain-connected.
If: by saturation, we can find an E ∈ ∗CX such that ∼X ⊆ E. Then we have that
∗X × ∗X =
∗⋃
n∈∗N
En. By transfer, X ×X =
⋃
n∈N F
n holds for some standard
F ∈ CX . Therefore, X is coarsely Archimedean. 
3. Invariant ι
3.1. Construction. Let (X, ξ) be a pointed coarse space. We define the invari-
ant ι (X, ξ) as follows. Denote the set ∗X \ FIN (X, ξ) by INF (X, ξ). For x, y ∈
INF (X, ξ), we write x ≡ιX,ξ y if they lie in the same macrochain-connected com-
ponent of INF (X, ξ). It is clear that ≡ιX,ξ is an equivalence relation on INF (X, ξ).
For each x ∈ INF (X, ξ), let [x]
ι
X,ξ denote the ≡
ι
X,ξ-equivalence class of x. Finally,
define
ι (X, ξ) =
{
[x]
ι
X,ξ
∣∣∣ x ∈ INF (X, ξ)
}
.
In short, ι (X, ξ) is the set of all macrochain-connected components of INF (X, ξ).
Proposition 3.1 (Changing the base point). Let X be a coarse space. Suppose
that two points ξ, η ∈ X lie on the same coarsely connected component. Then
ι (X, ξ) = ι (X, η).
Proof. By Proposition 2.3, we have that ξ ∼X η. For every x ∈
∗X , if x ∼X ξ,
then x ∼X η, and vice versa. Hence INF (X, ξ) = INF (X, η), and thus ι (X, ξ) =
ι (X, η). 
Because of this, if X is coarsely connected, one can simply write ι (X) for ι (X, ξ)
dropping the base point ξ with no ambiguity. The same applies to INF (X, ξ) and
≡ιX,ξ. In particular, one can use this notation for all pseudometrisable spaces.
Example 3.2. Consider the real line R (see Figure 3.1 on page 3). The set INF (R)
consists of positive and negative infinite hyperreals. Two infinite hyperreals are
≡ι
R
-related if and only if they have the same sign. Hence we have that ι (R) =
{±∞}, where ±∞ denote the equivalence classes of positive and negative infinite
hyperreals, respectively. See also [10, Corollary 15].
Example 3.3. Consider the plane R2 (see Figure 3.2 on page 4). It is easy to see
that any two points x, y of INF
(
R
2
)
are ≡ι
R2
-related. Hence ι
(
R
2
)
= {∞}. The
same equation holds for all dimensions greater than 2. This is contrasted to the
case of R.
Example 3.4 (Miller et al. [10, Example 3]). Consider the “vase” V = { (±1, y) | 1 ≤ y }∪
{ (x, 1) | −1 ≤ x ≤ 1 } (see Figure 3.3 on page 4). Any two points x, y of INF (V )
are ≡ιV -related. Hence ι (V ) = {∞⇈ }. See also and [10, Corollary 17].
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Figure 3.2. The set of all infinite points of the plane is roughly
similar to the plane with a single hole.
∞⇈
Figure 3.3. The set of infinite points of the vase is macrochain-
connected, because the width is constant (and finite).
Example 3.5. The “flared vase” W = { (±y, y) | 1 ≤ y } ∪ { (x, 1) | −1 ≤ x ≤ 1 }
(see Figure 3.4 on page 5) has exactly two essentially distinct infinite points ι (W ) =
{∞տ,∞ր }.
3.2. Coarse invariance.
Lemma 3.6. Let f : (X, ξ)→ (Y, η) be a proper map. Then ∗f :
∗
(X, ξ)→
∗
(Y, η)
maps INF (X, ξ) into INF (Y, η).
Proof. By Proposition 2.5, ∗f−1 (∗Y \ INF (Y, η)) ⊆ ∗X \ INF (X, ξ) holds. It fol-
lows that ∗f (INF (X, ξ)) ⊆ INF (Y, η). 
Lemma 3.7. Let f : (X, ξ) → (Y, η) be a bornologous map. Then ∗f : ∗(X, ξ) →
∗(Y, η) sends ≡ιX,ξ-related pairs to ≡
ι
Y,η-related pairs.
Proof. Let x, y ∈ INF (X, ξ) be ≡ιX,ξ-related. Choose an internal hyperfinite se-
quence { si }i≤n in INF (X, ξ) such that s0 = x, sn = y and si ∼X si+1 for all
i < n. Then the sequence { ∗f (si) }i≤n is also internal which connects
∗f (x) and
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Figure 3.4. The set of infinite points of the flared vase is not
macrochain-connected, because the width is expanding.
∗f (y). We have that ∗f (si) ∼Y
∗f (si+1) for all i < n by Proposition 2.4. Hence
∗f (x) ≡ιY,η
∗f (y). 
Theorem 3.8 (Functoriality). Every coarse map f : (X, ξ) → (Y, η) functorially
induces a map ιf : ι (X, ξ)→ ι (Y, η).
Proof. Define ιf : ι (X, ξ)→ ι (Y, η) by letting ιf [x]
ι
X,ξ = [
∗f (x)]
ι
Y,η. By the previ-
ous lemmas, ιf is well-defined. Thus ι (−) can be extended to a functor from (an
arbitary small full subcategory of) the category of coarse spaces to the category of
sets. 
Corollary 3.9. ι is invariant under isomorphisms of coarse spaces.
Theorem 3.10 (Coarse homotopy invariance). Suppose that two coarse maps
f, g : (X, ξ)→ (Y, η) are coarsely homotopic. Then ιf = ιg.
Proof. Let [x]ιX,ξ ∈ INF (X, ξ). By Proposition 2.6,
∗f (x) ∼Y
∗g (x), so ∗f (x) ≡Y,η
∗g (x). Hence ιf [x]
ι
X,ξ = ιg [x]
ι
X,ξ. 
Corollary 3.11. ι is invariant under coarse homotopy equivalences.
3.3. Non-scattering property. A set X is said to be E-connected for some E ⊆
X × X if X × X =
⋃
n∈NE
n. We say that a pointed coarse space (X, ξ) is non-
scattering at infinity if there exists an E ∈ CX such that for every bounded set
(ξ ∈)A ⊆ X , the complement X \A is E-connected.
Lemma 3.12. If a pointed coarse space (X, ξ) is non-scattering at infinity, then
INF (X, ξ) is macrochain-connected.
Proof. Let E be a witness of the non-scattering property of (X, ξ). Let x, y ∈
INF (X, ξ). By saturation, we can find an internal bounded set A of ∗X such that
FIN (X, ξ) ⊆ A but x, y /∈ A. By transfer, ∗X \ A is internally E-connected, i.e.
there exists an internal hyperfinite sequence { si }i≤n in
∗X \ A such that s0 = x,
sn = y and si
∗E si+1 for all i < n. Since
∗E ⊆ ∼X and
∗X \ A ⊆ INF (X, ξ),
the sequence { si }i≤n is included in INF (X, ξ), and satisfies that si ∼X si+1 for all
i < n. Hence INF (X, ξ) is macrochain-connected. 
A NONSTANDARD INVARIANT OF COARSE SPACES 6
Theorem 3.13. If a pointed coarse space (X, ξ) is non-scattering at infinity, then
ι (X, ξ) is an empty set or a singleton.
Proof. Immediate from the above lemma. 
4. Comparison with the invariant σ
We first recall the invariant σ (X, ξ) of a pointed metric space (X, ξ) defined in
DeLyser et al. [3]. We adopt a simplified but equivalent definition given by DeLyser
et al. [2].
A coarse sequence on X based at ξ is a coarse map s : (N, 0)→ (X, ξ). Obviously
every coarse sequence tends from ξ to infinity. We denote by S (X, ξ) the set of
all coarse sequences on X based at ξ. Given two coarse sequences s, t ∈ S (X, ξ),
we write s ⊑ t if s is a subsequence of t, i.e., there is a strictly monotone function
κ : N→ N such that s = t ◦ κ. We denote by ≡σX,ξ the smallest equivalence relation
on S (X, ξ) that contains ⊑. In other words, s ≡σX,ξ t if and only if s and t can
be obtained from each other by taking (coarse) subsequences and supersequences
repeatedly. Finally define
σ (X, ξ) = { [s]
σ
X,ξ | s ∈ S (X, ξ) } ,
where [s]
σ
X,ξ is the ≡
σ
X,ξ-equivalence class of s. The definition can be extended to
arbitrary pointed coarse spaces by simply replacing ‘metric’ with ‘coarse’.
The definitions of σ and ι look similar in the following sense. The standard in-
variant σ was constructed from (bornologous) sequences tending to infinity. These
sequences could be thought of as dynamic infinities in the sense that such infini-
ties are captured through the limit process. On the other hand, the nonstandard
invariant ι was constructed from nonstandardly infinite points. These points could
be thought of as static infinities. In spite of their similarity, σ (X) and ι (X) do not
coincide for some coarse spaces as we shall see later.
In order to compare those two invariants, let us construct a canonical map from
σ to ι. We first prove the following lemma.
Lemma 4.1. Let (X, ξ) be a pointed coarse space, s, t ∈ S (X, ξ) and i, j ∈ ∗N \N.
Then ∗si,
∗tj belong to INF (X, ξ). If s ≡
σ
X,ξ t, then
∗si ≡
ι
X,ξ
∗tj.
Proof. It is not difficult to prove that a sequence u in X tends (from ξ) to infinity
if and only if ∗uk ∈ INF (X, ξ) holds for all k ∈
∗
N \ N = INF (N, 0). Hence ∗si,
∗tj
belong to INF (X, ξ).
To prove the latter part, we only need to prove the case s ⊑ t, because the
general case can be obtained by induction (on the construction of the equivalence
closure ≡σX,ξ). Choose a strictly monotone function κ : N→ N such that s = t ◦ κ.
By transfer, this holds also at i, i.e. ∗si =
∗t∗κ(i). So
∗si and
∗tj can be connected
by an internal hyperfinite sequence ∗t∗κ(i), . . . ,
∗tj . Since t is coarse, this sequence
lies in INF (X, ξ) and any two adjacent points are finitely close. Hence ∗si ≡
ι
X,ξ
∗tj
holds. 
Thanks to this lemma, we can well-define a map ω(X,ξ) : σ (X, ξ) → ι (X, ξ) by
letting ω(X,ξ) [s]
σ
X,ξ = [
∗sω]
ι
X,ξ, where ω ∈
∗
N\N. Clearly the map ω(X,ξ) is natural
in (X, ξ), i.e. it gives a natural transformation from σ to ι.
The map ω(X,ξ) : σ (X, ξ)→ ι (X, ξ) is bijective for some coarse spaces, e.g. the
real line, the real plane, the vase and the flared vase, which are presented in the
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Figure 4.1. The distance of adjacent points diverges to infinity.
So any coarse sequence cannot reach infinity.
previous section. ω(X,ξ) is however not bijective in general. The following are
examples where ω(X,ξ) is not surjective.
Example 4.2. Consider the subspace S = {n2 | n ∈ N } of the real line R with an
arbitrary base point ξ (Figure 4.1 on page 7). This space has no coarse sequence. So
the cardinality of σ (S, ξ) is equal to zero. On the other hand, since S is unbounded,
the cardinality of ι (S, ξ) is nonzero. Hence σ (S, ξ) and ι (S, ξ) are not equipotent.
In this case, the map ω(S,ξ) : σ (S, ξ)→ ι (S, ξ) is injective but not surjective.
Example 4.3 (DeLyser et al. [3, pp. 11–12]). Consider two metric spaces, called
the opened book and the discrete opened book (see Figure 4.2 on page 8). The
opened book B is the wedge sum of countable copies of the ray [0,+∞) at the
origin 0. Let si be the coarse sequence 0, 1, 2, . . . on the i-th “page” [0,+∞) of B.
Then,
σ (B, 0) =
{ [
si
]σ
B,0
∣∣∣ i = 1, 2, . . .
}
.
The discrete opened book D is the wedge sum of iN (i = 1, 2, . . .) at the origin 0,
a subspace of B. Let ti be the coarse sequence 0, i, 2i, . . . on the i-th page iN of D.
Then,
σ (D, 0) =
{ [
ti
]σ
D,0
∣∣∣ i = 1, 2, . . .
}
.
Thus σ (B, 0) ∼= σ (D, 0) ∼= N.
Let us compute the nonstandard invariants ι of two books B and D. In both
books, any two infinite points on different pages are inequivalent, but any two
infinite points on the same finite numbered page are equivalent. In the opened
book B, the latter remains true on infinite numbered pages. Hence
ι (B, 0) =
{ [
∗siω
]ι
B,0
∣∣∣ i ∈ ∗N>0
}
,
where ω ∈ ∗N \ N. In the discrete opened book D, any two different points on
infinite numbered pages are inequivalent even when they are on the same page.
Hence
ι (D, 0) =
{ [
∗tiω
]ι
D,0
∣∣∣ i ∈ N>0
}
∪
{ [
∗tij
]ι
D,0
∣∣∣ i ∈ ∗N \ N, j ∈ ∗N>0
}
,
where ω ∈ ∗N \ N. Both ι (D, 0) and ι (B, 0) are equipotent to ∗N, i.e., σ (B, 0) ∼=
σ (D, 0) ∼= ∗N.
Now consider the following diagram:
σ (D, 0)
ω(D,0)

σ(D →֒B)
// σ (B, 0)
ω(B,0)

ι (D, 0)
ι(D →֒B)
// ι (B, 0)
Both of the vertical maps are injective, but neither is surjective. The upper hor-
izontal map is bijective, because it sends
[
ti
]σ
D,0
to
[
si
]σ
D,0
for all i ∈ N. On the
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(a) Opened book
(b) Discrete opened book
Figure 4.2. The distance of two points x, y on different pages is
defined as the sum x+ y.
other hand, the lower horizontal map is surjective but not injective, because it sends[
∗tij
]ι
D,0
to
[
∗siω
]ι
B,0
for all i ∈ ∗N \ N and j ∈ ∗N>0.
Theorem 4.4. If a pointed pseudometric space (X, ξ) is non-scattering at infinity,
then σ (X, ξ) is an empty set or a singleton.
Proof. Fix a witness E ∈ CX of the non-scattering property of (X, ξ). Denote the
open ball with centre ξ and radius r by D (ξ; r). (Actually it is irrelevant for the
proof whether D (ξ; r) refers to the open ball or the closed ball.) Let s, t ∈ S (X, ξ)
be two coarse maps. For each i ∈ N we can take a finite sequence ui0, . . . , u
i
ni
∈
X \D (ξ; i) such that ui0 = si, u
i
ni
= ti and
(
uij, u
i
j+1
)
∈ E for all j < ni. Then the
concatenation of the sequences
{ u0j }j≤n0
, { u0n0−j }j≤n0
, { u1j }j≤n1
, { u1n1−j }j≤n1
, . . .
is a coarse sequence, and has t and u as subsequences. Hence t ≡σX,ξ u. 
Theorem 4.5. If a pointed pseudometric space (X, ξ) is non-scattering at infinity,
then σ (X, ξ) ∼= ι (X, ξ). More precisely, the map ω(X,ξ) : σ (X, ξ)→ ι (X, ξ) gives a
bijection.
Proof. It suffices to show that σ (X, ξ) 6= ∅ if and only if ι (X, ξ) 6= ∅. The “only
if” part is trivial, because there is a map σ (X, ξ)→ ι (X, ξ). To prove the “if” part,
suppose that ι (X, ξ) 6= ∅. Obviously INF (X, ξ) 6= ∅, soX 6= D (ξ; i) for any i ∈ N.
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Choose a sequence { si }i∈N such that si ∈ X \D (ξ; i). Since X is non-scattering at
infinity, there exists an E ∈ CX such that X \D (ξ; i) is E-connected for all i ∈ N.
For each i ∈ N, take a finite sequence ti0, . . . , t
i
ni
∈ X \D (ξ; i) such that ti0 = si,
tini = si+1 and
(
tij , t
i
j+1
)
∈ E for all j < ni. Then t
0
0, . . . , t
0
n0
, t10, . . . , t
1
n1
, . . . gives a
coarse sequence, so S (X, ξ) 6= ∅. Hence σ (X, ξ) 6= ∅. 
Note that the proof of the “if” part can be applied to general coarse spaces, while
the “only if” part cannot. Let X be an uncountable set. The family Pω (X) =
{A ⊆ X | A is countable } is a bornology on X (see Hogbe-Nlend [5] for the defi-
nition). Then X has no divergent sequence, although it has a divergent net. Of
course, this example is not a counterexample, because X is just a bornological
space, not a coarse space.
5. Some problems
We have compared two invariants σ (X, ξ) and ι (X, ξ) through the natural map
ω(X,ξ) : σ (X, ξ)→ ι (X, ξ). As already mentioned, this map is sometimes bijective,
and is sometimes injective but not surjective. The following questions then arise.
Question 5.1. Is there a pointed coarse space (X, ξ) such that the map ω(X,ξ) is
not injective?
Question 5.2. For what kind of pointed coarse spaces is the map ω(X,ξ) injective,
surjective, bijective?
The invariant σ (X, ξ) only deals with bornologous sequences, so it fails to capture
infinite points not reached in a bornologous and standard way. On the other hand,
the invariant ι (X, ξ) deals with arbitrary infinite points. So ι (X, ξ) may have richer
elements compared with σ (X, ξ). (None of the infinite points of S in Example 4.2
can be reached in a bornologous way. Some of the infinite points of B and D in
Example 4.3 cannot be reached in a standard way.) In fact, the surjectivity of ω(X,ξ)
can be recovered by reducing the elements of INF (X, ξ). Consider the following
subset of INF (X, ξ):
INFborn (X, ξ) = { x ∈ INF (X, ξ) | ∃s ∈ S (X, ξ)∃ω ∈
∗
N (x = ∗sω) } .
Then define an invariant ιborn (X, ξ) as the set of all macrochain-connected compo-
nents of INFborn (X, ξ). One can define a natural map ω
born
(X,ξ) : σ (X, ξ)→ ιborn (X, ξ)
in the same way as ω(X,ξ). It is easy to see that ω
born
(X,ξ) is surjective. The injectivity
of ωborn(X,ξ) is still non-trivial.
Question 5.3. For what kind of pointed coarse spaces is the map ωborn(X,ξ) injective
(and hence bijective).
Because the invariant σ (X, ξ) was made out of the coarse sequences, it is well-
behaved only for coarse spaces with countable bases. (Note that this condition is
equivalent to the pseudo-metrisability provided that one allows +∞ as pseudomet-
rics.) For example, the proofs of Theorem 4.4 and Theorem 4.5 are available only
for pseudometrisable spaces.
Problem 5.4. Find a more appropriate definition of σ (X, ξ) for non-pseudometrisable
spaces.
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The author [7] constructed a nonstandard homology theory for uniform spaces
based on hyperfinite formal sums of infinitely small simplices. (This idea is due
to McCord [9].) Similarly, one can construct a nonstandard homology theory for
coarse spaces based on hyperfinite formal sums of finitely large simplices. Then
ι (X, ξ) can be regarded as a “basis” of the 0-th homology group of INF (X, ξ).
(Strictly speaking, the 0-th homology group of INF (X, ξ) consists of hyperfinite
formal sums
∑
i giσi, where gi are elements of the coefficient group, σi = [xi]
ι
X,0
are elements of ι (X, ξ), and the sequence { (gi, xi) }i is internal.)
Question 5.5. Can we interpret σ (X, ξ) homology-theoretically?
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